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Topology 1(Core (New))
Time: 2:30 Hours Marks: 70
Instructions:

1. All questions are compulsory.
2. Figures to the right indicate marks.

Q.1(A) Answer any Two out of Three [10]

(1) Show that if t; and T, are two topologies on a nonempty set X then t; N, is a
topology on X, but t; U 1, need not be a topology on X.

(2) Let®B; and B, be basis for the topologies T; and t, on X respectively. Prove that T,
is finer than T, if and only if for each Be 3B, and for each x € B there
exists C € B, such that x € C c B.

(3) LetS be asubbasis for a topology on X and B be the collection of all finite intersections
of members of S. Prove that B is a basis for the topology T generated by the subbasis S
on X.

Q.1(B) Answer any One out of Two [04]

(1) Let X be atopological space. Suppose C is a collection of open sets of X such that for
each open set U of X and each x in U, there exist an element C € C such that
x € C c U. Then prove that C is a basis for the topology on X.

(2) Prove that Lower limit topology R; is strictly finer than standard topology on R.

Q.2(A) Answer any Two out of Three [10]
(1) Let X,Y;,Y, be topological spaces and Y; x Y, be product space then prove that a
function f:X > Y, x Y, defined by f(x) = (fi(x),fo(x)) for each xeX is a
continuous function if and only if f;: X — Y; and f,: X — Y, are continuous functions.
(2) Prove that: Any two open intervals of R are homeomorphic.

(3) Let X,Y,Z be topological spaces. If both of the functions f: X - Y and g:Y — Z are
continuous then prove that function g o f: X — Z is continuous.

Q.2(B) Answer any One out of Two [04]

(1) Let f:X —Y be a continuous function and let A c X. Prove that if the subspace
topology of X is defined on A then the restriction function f|, of f to A is also
continuous.

(2) If Aisasubspace of X and B is a subspace of Y then prove that the product topology
on A X B is the same as the topology A X B inherits as a subspace topology on
XXY.

Q.3(A) Answer any Two out of Three [10]

(1) LetY beasubspace of X then prove thataset Aisclosed inY ifandonlyif A=BNnY
for some closed set B in X.

(2) Let A be a subset of the topological space X and A’ be the set of all limit points of A in
X, then provethat A = AU A'.

(3) State and prove: Pasting Lemma
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Answer any One out of Two

For a subset 4 and B of a topological space X, prove that (X — A) = X — Int(A) and
(AUB) = AUB.

Let f: (X,T;) — (Y, T,) be a function. Show that the function f is continuous if and
onlyif f(A) c f(A) foreach A c X.

Answer any Two out of Three

Prove that the uniform topology on R/ is finer than the product topology.
Show that R X R in the dictionary order topology is metrizable.

State and prove: Sequence lemma.

Answer any One out of Two

Show that RY in the box topology is not metrizable.

State and Prove: Uniform Limit Theorem.

Answer any Two out of Three
Prove that every discrete space X is locally connected.

For an integer n>1, prove that the Punctured Euclidean space R™ — {0} is path
connected.

State and Prove: Intermediate value theorem.
Answer any One out of Two
Prove that the continuous image of a connected space is connected.

Prove that a space X is locally connected if and only if for every open set U of X, each

component of U is open in X.
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